Motivated by the notorious difficulties in determining the first quantum corrections to the spectrum of short strings in AdS 5 × S 5 from first principles, we study closed bosonic strings in this background employing a static gauge. In this gauge the world-sheet Hamiltonian density is constant along the extension of the string and directly proportional to the square of the spacetime energy. We quantize this system in a minisuperspace approach, in which we consider only a single AdS 5 string mode excitation next to an arbitrary particle like zero-mode contribution in the full AdS 5 ×S 5 background. We determine the quantum spectrum using this method to the next-to-next-to-leading order in the large 't Hooft coupling expansion. We argue for an ordering prescription which should arise from supersymmetrization and indeed recover the integrability based predictions for the spectrum of the lightest excitation, dual to the Konishi field scaling dimensions. The higher excitations fail to agree, but this is shown to be a consequence of the string mode truncation employed. Despite this simple setup, our system reveals intriguing features, such as a close connection to particles in AdS 6 , classical integrability and preservation of the isometries of AdS 5 × S 5 at the quantum level.
Introduction and Conclusions
One of the classic problems in the maximally supersymmetric AdS/CFT correspondence is the computation of the quantum superstring excitation spectrum in a suitable form of perturbation theory. The dual of short strings moving in AdS 5 × S 5 spacetime are the finite length nonprotected local operators of 4d N = 4 super Yang-Mills theory with the length-two Konishi operator Tr(Φ I Φ I ) being the first representative. In fact, for the Konishi operator the anomalous scaling dimension has been computed for small 't Hooft coupling λ 1 in field perturbation theory up to an impressive 5-loop order [1] . The motivation for going to such high orders arose from the enormous progress in understanding the hidden integrable system behind the spectral problem of this AdS/CFT duality pair (for a recent review see [2] ). Here, the computation of the Konishi scaling dimension has become something of a testing ground for the application of integrability techniques going beyond the asymptotic Bethe ansatz [3] in the form of the thermodynamic Bethe ansatz for the mirror model [4] or the Y-system [5] . The assumption of integrability is powerful enough to evaluate the Konishi scaling dimension to even higher orders [6] , with the present record being set at eight [7] or even nine loops [8] . The integrability based results in principle can yield the scaling dimensions of short operators dual to the spectrum of short excited AdS 5 × S 5 strings for any value of the coupling λ and in particular also at strong coupling, λ 1, i.e. the stringy regime. In this limit, thermodynamic Bethe ansatz methods have been applied to find numerically the spectrum of the first string excitations, and to extract the first few coefficients in the strong coupling expansion up to the next-to-next-toleading order [9] [10] [11] . Of course, also these results hinge on the assumption of integrability in the AdS/CFT system. Therefore also at strong coupling it is desirable to scrutinize the integrability assumption through an independent first principle computation of the AdS 5 × S 5 string spectrum at least for the lowest excitations. This amounts to the perturbative study of the quantum superstring in the large effective string-tension (T 0 R 2 = √ λ/2π) expansion. Here however, string theory lags behind the gauge theory as this perturbative approach has not been developed in a completely satisfactory fashion to date. The single string-mode spectrum is known from first principles at leading order in a 1/ √ λ expansion [12] , where it is given by the flat-space result, and the next-toleading order term, related to the excitations of the string zero-modes [13] , capturing the leading center-of-mass or particle like dynamics. The first interesting term sensitive to stringy effects in the curved AdS 5 × S 5 background, however, lies at the next-to-next-to leading order
Generally, the coefficients are functions of the string-mode number m, as well as the number of excitations n of the mth mode and Q denotes the conserved global charges of the state, which for example could be the S 5 total angular momentum J or the total AdS 5 spin S of the state. The above mentioned direct near-flat space string and zero-mode computations yield c −1 = 2 , c 0 ∈ Z/2 depending on the state.
In fact the integrability based numerical results of [11] 
for gauge theory operators from the sl(2) sector with angular momentum J which should have n = 1 in the string language. For the lightest state in this series being a member of the Konishi multiplet one has J = 2 and m = 1 yielding c 1 = 2. It is still an open challenge for a direct string computation to confirm this prediction.
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On the other hand the situation for a string based computation employing the "semiclassical" approach suggested in [15] and further applied in [16, 17, 10, 18, 19] is much better developed. Here one identifies classical bosonic string solutions carrying definite charges Q. In a semi-classical fluctuation quantization about such backgrounds the spacetime energy can be reliably computed in an 1/ √ λ string-worldsheet loop computation for Q ∝ √ λ. The obtained results are then continued to the relevant small charges for the short string spectral problem, Q ∝ 1, assuming no order of limits ambiguities. Using this the above quoted value for the Konishi-multiplet c 1 = 2 has been reproduced. Alternative methods for establishing the strong coupling spectrum based on the algebraic curve approach, exploiting the classical integrability of the world-sheet theory to extrapolate to the one-loop order, have also been able to reproduce these results [16, 20, 10, 19] .
In this work we report on an alternative method to find the quantum excitation spectrum for the lowest AdS 5 × S 5 string excitation in a direct approach employing a static gauge paired with a minisuperspace approximation. The distinct advantage of a static gauge X 0 ∼ Eτ for the AdS-string is that the worldsheet Hamiltonian density is polynomial in the fields, independent of the worldsheet space coordinate σ and in fact proportional to the target-space energy squared operator E 2 . It thus has a simpler structure than the more commonly used uniform light-cone gauge Hamiltonian [21, 22] being of square-root form (like the Nambu-Goto action) and directly proportional to E − J. The drawback compared to the light-cone gauge is that one cannot solve all constraints at the classical level and is left with the quantization of a constrained system. Recently the static gauge quantization of the bosonic string in flat spacetime was achieved [23] and in this work we build upon these results. We introduce the static gauge for the AdS 5 × S 5 bosonic string and work out the Hamiltonian and all conserved charges in the classical theory. In order to find the perturbative quantum spectrum for large λ we consider a novel approach. We consider a solution which carries a single string-mode excitation on AdS 5 and arbitrary zero-mode excitations. The dynamics is that of a massive particle in AdS-space with a mass determined by the internal single-mode string oscillations as well as the S 5 total angular momentum J. It describes a pulsating string whose center of mass oscillates within the confining AdS-space potential and limits to previously known pulsating string solutions with vanishing zero mode dependence. The solution is still rather general and parameterized by an 8+2 dimensional phase space. It exists only in AdS n≥5 spaces, as the zero-modes and non zero-modes oscillate in orthogonal spatial planes. We then quantize this reduced dynamical system in what could be called a minisuperspace approach. We also show that our quantization respects the bosonic isometry subgroup SO(2, 4) × SO(6), which is non-manifest in the SO(2, 4) part due to the static gauge choice. Although the computation is plagued by ordering ambiguities we argue for a natural prescription which we expect to follow from supersymmetrizing the problem and implementing the superconformal symmetry algebra at the quantum level. Our analysis leads to a spectrum of the form
where N accounts for the particle-like excitations in AdS 5 space, and M
S is the contribution due to the motion on the S 5 which for the bosonic string is equal to the SO(6) Casimir M 2 S = J(J + 4). It is expected that the fermion contribution would modify the J dependence to M
For the lightest stringy state with N = 0, m = n = 1 and J = 0 which is dual to the Konishi operator Tr Φ I Φ I , we get c 1 = 2 consistent with the integrability findings [9, 11] .
Lowest excitations of higher modes, n = 1 but m > 1, fail to agree with the integrability based results (3). This is not too surprising as the level-truncation we have effectively applied will not agree with the full quantum fluctuation result as higher intermediate levels will become important. We should stress once more that the above result pertains to a particular normalordering prescription, which we consider to be natural. However, other ordering prescriptions will change the numerical value of the next-to-next-to leading order term c 1 in (4).
This situation thus strongly asks for an inclusion of the fermionic degrees of freedom for the Green-Schwarz superstring in AdS 5 × S 5 [24, 22] . For this the framework of static gauge, which then must be accompanied by a compatible κ-symmetry gauge fixing condition, has still to be developed. Finally, the question arises, whether the presented approach can be applied to other semiclassical string solutions. These challenging problems are left for future work.
Closed bosonic string dynamics in static gauge
First we consider the static gauge approach to string dynamics in a generic static spacetime. We use only a part of the constraints to exclude the time components of the canonical variables. This relates the energy square functional to the Hamiltonian of the system and excludes negative norm states on the quantum level. The remaining constraints specify the physical Hilbert space. We then focus on AdS N +1 × S M , where we explore the dynamical integrals of the isometry group and analyze their behavior at large coupling.
String in a static spacetime
Bosonic string dynamics in a curved spacetime with coordinates X µ , µ = 0, 1, ..., D − 1, and metric tensor G µν (x) is described by the Polyakov action
The worldsheet coordinates (τ, σ) are dimensionless and the string tension T 0 has the dimension of inverse length square. In first order formalism, for a closed string, this action is equivalent to
Here, P µ are the momentum variables conjugate to X µ , T ≡ 2π T 0 and
play the role of Lagrange multipliers. Their variations provide the Virasoro constraints
Let us consider a static spacetime. Its metric tensor can be brought into the form
with Λ > 0 and positive definite G kl , k, l = 1, 2, ..., D − 1, both X 0 -independent. By Noether's theorem one then has a gauge invariant conserved energy
The static or temporal gauge is defined by the gauge fixing conditions
with a positive constant α. As the spacetime coordinates have the dimension of length we take α = 1/T . In static spacetimes with an intrinsic length scale R, such as AdS N +1 , one may rescale to dimensionless coordinates leading to an effective α = 1/(R 2 T ). In the static gauge the first order action (6) reduces to
where the square of the energy density is fixed by the first Virasoro constraint in (7) and reads
Taking into account the second constraint in (7) and the gauge fixing conditions (10), we find that the Hamiltonian system (11)- (12) has to be further reduced to the constraint surface
3 We neglect the boundary term related to the time derivative −∂ τ is the Hamiltonian density in (11) and we call V(σ) the level matching density. Thus, H(σ) has vanishing non zero-modes and on the constraint surface one gets with
In fact on the constraint surface the integrand in the above is constant. The construction of independent canonical variables on the constraint surface (13) is not an easy task even for Minkowski space with G kl = δ kl and Λ = 1. In this case the system (11)- (12) describes (D − 1) massless free fields in two dimensions and the constraints (13) correspond to L n = 0 =L n for n = 0, where L n andL n are the standard Virasoro generators of 2d free CFT. It is therefore easier to first quantize the free-field theory and then take into account the constraints (13) on the quantum level by the equations for the physical states L n |ψ ph = 0 =L n |ψ ph (n > 0) [23] . To follow the same scheme for a generic static spacetime one has to analyze the Poisson bracket structure of the constraints (13) .
The canonical relations
Equation (13), thereby, defines the second class constraints in Dirac's classification, as in the flat case, and they are preserved in dynamics
To quantize this system one has to realize the quantum version of these Poisson bracket relations and use the constraint operators to select the physical Hilbert space as in the flat case. The spectrum of the Hamiltonian on the physical states then will define the energy spectrum of the system on the basis of the relation (14).
String in AdS
Let us consider an AdS N +1 × S M space with common radius R, where AdS N +1 is realized as
, with I = 1, . . . , M + 1. We parameterize the embedding coordinates of R 2, N by dimensionless X 0 , X a as
where X 0 is the AdS N +1 time coordinate and
For the spherical part one can use the coordinates of the stereographic projection
with
M takes the following block structure
and the corresponding inverse matrices read
We denote the momentum variables conjugated to X a and Y i by P a and P Y i = P N +i , respectively. Taking into account the structure of the metric tensors in (19) , it is convenient to treat X a and P a as vectors of R N , Y i and P Y i as vectors of R M , and use standard notations of vector algebra for O(N ) and O(M ) scalars: (17) and (18) . Applying the static gauge (10), with α = 1/(R 2 T ), to the AdS × S string, by (14) we obtain
where λ ≡ R 4 T 2 is the 't Hooft coupling of the dual N = 4 super Yang-Mills gauge theory and M 2 S denotes the spherical part
Analyzing the Hamiltonian system defined by (21)- (22) one has to recall that the integrand in (21) is σ-independent and, in addition, that the level matching density vanishes
The dynamical integrals related to the rotations in R 2,N and R M +1 ,
generate the isometry group SO(2, N )×SO(M + 1) and they are dimensionless, as is the energy. The index µ in (24) incorporates the three blocks µ = (0, a, N + i), P 0 = −E and V µ AB , V µ IJ are the components of the Killing vector fields in
Using then (17)- (20) and the notation ω ≡ E/ √ λ, we find
Our aim is to analyze the AdS 5 ×S 5 string dynamics at large coupling λ 1. The Hamiltonian of the system defined by (21) allows the expansion in powers of 1/ √ λ
which is easily obtained if one uses the rescaled phase space coordinates
where
The leading term in (29) coincides with the static gauge string Hamiltonian in 10-dimensional Minkowski space
The rotation generators J a b and J i j in (26)- (28) are invariant under the rescaling (30) and, therefore, they are λ-independent. The generators J a 0 are expanded in powers of 1/ √ λ like the Hamiltonian. The leading terms of their expansion correspond to four boosts in x a (a = 1, . . . , 4) directions of the 10-dimensional Minkowski space. Other symmetry generators in (26)- (28) are singular at λ → ∞, however, after their rescaling by the factor λ −1/4 , they also become analytic in 1/ √ λ. It is easy to check that the corresponding leading terms define the translation generators of 10-dimensional Minkowski space. In fact, the zero-modes will have to be scaled differently than stated in (30) as was already noted in [13] and will be discussed in detail in section 4.2.
With a supersymmetric extension, the leading order part is quantized without anomalies. This part of the symmetry generators and the commutation relations of the isometry group can be used as a basis for perturbative quantum calculations.
3 Single-mode strings in AdS 5 × S
5
In this section we introduce a class of AdS 5 × S 5 string configurations with excited zero-modes both in the AdS and the spherical parts and only one excited non zero-mode in the AdS part. We call these configurations single-mode strings. In the first part of the section we describe the Hamiltonian reduction to the single-mode ansatz, where we find canonical physical variables of the system and verify the SO(2,4)×SO(6) symmetry of single-mode strings. Using a canonical transformation to new variables, which separates the non zero-mode part, we then show the integrability of the single-mode configurations. They turn out to describe pulsating strings.
Hamiltonian reduction to the single-mode ansatz
The Hamiltonian density of the AdS 5 × S 5 string is expressed in terms of O (4) and O(5) scalars denoted by ( P , X) and ( P Y , Y ), respectively (see (21)- (22)). We introduce the above mentioned single-mode ansatz in the following form
and
where the positive integer m ≥ 0 denotes the mode number of the single-mode ansatz. Due to Y (τ, σ) = 0, the spherical part of the Hamiltonian (21) is only given by the first term in (22) , rendering the Hamiltonian polynomial in phase space variables. In particular, we are left with particle dynamics on S 5 and (22) coincides with the SO(6) Casimir number calculated from (28),
Since the AdS string dynamics is nonlinear, an excitation of one non zero-mode, in general, excites other modes and we have to find conditions, which preserve the single-mode ansatz (32) in dynamics. In addition the constraints in (13) should be satisfied, that is the Hamiltonian density should be σ-independent and the level matching density (23) should vanish. In the Hamilton equations, which follow from (21), scalar combinations as X 2 , P 2 , P · X, etc. play the role of coefficients of the vectors P , X and their derivatives. One can then show that the vanishing of the level matching density and the stability of the single-mode ansatz in dynamics require these scalar combinations to be σ-independent. By this, the Hamiltonian density also becomes σ-independent. Explicitly, we find the following conditions on the excited modes
It is clear from these conditions that the zero-mode vectors P 0 , X 0 may be considered as unconstrained. Then, introducing real and imaginary parts of the non zero-modes,
( X re ± i X im ) and
( P re ± i P im ), one sees that they lie in the plane orthogonal to the plane spanned by the zero-mode vectors P 0 , X 0 . 4 In addition, the four non zero-mode vectors X re , X im , P re , P im satisfy the constraints
X re · P im = 0 , P re · X im = 0 , P re · X re = P im · X im .
Since we are considering AdS 5 , the non zero-mode vectors can be parameterized in the form
where e re and e im are orthonormal vectors with the standard relative orientation. One can always choose e re to be in the direction of X re which implies Q ≥ 0. Then, there is no restriction on the sign of P , i.e. P ∈ R 1 . Note that the two solutions for X im and P im are related to each other by the reflection σ → −σ which is a symmetry of the string action. In what follows we choose for definiteness the solution with all positive signs.
Inserting the parametrization (36) in the ansatz (32), we find
and a similar expression for P (τ, σ). The reduction of the AdS part of the initial canonical symplectic form to the single-mode ansatz (32) yields
Using then the parametrization (36) and the identities d e re ∧ d e re = d e im ∧ d e im = 0 as well as e re · d e re = e im · d e im = 0, we find the reduced symplectic form
It is independent of the orientation of the vector e re because the non zero-mode parts of X(τ, σ) and P (τ, σ) are collinear. This independence may also be interpreted as the residual gauge symmetry σ → σ + f (τ ) of the single-mode ansatz as the level matching constraint is satisfied. Even including all the other excitations, one can always perform a canonical transformation which for the vectors X(τ, σ) and P (τ, σ) takes the form of a rotation in the non zero-mode plane, and change the orientation of e re arbitrarily. Thus, the Hamiltonian reduction of the AdS part leads to a ten-dimensional phase space with the canonical coordinates ( P 0 , X 0 , P, Q), where the pair (P, Q) lives on the half-plane Q ≥ 0.
Calculating now the string energy square and the symmetry generators, where the boosts are treated as 4-vectors J 0 ≡ J a 0 , J 0 ≡ J a 0 , from (21) and (26)- (27) we obtain (recall ω = E/ √ λ)
4 For any solution of the classical equations of motion this zero-mode plane turns out to be defined by the boosts and, therefore, has a τ -independent orientation in R 4 , as is shown below.
From (40) and (42) follow the Poisson brackets
which are equivalent to a part of the so(2, 4) commutation relations. The validity of the remaining algebra is straightforward. In contrast to the particle dynamics, the SO(2, 4) Casimir
resulting from (40)- (42) is not a number, but the following function on the phase space
whereD = P Q + P 0 · X 0 is the generator of dilatations in the ten-dimensional phase space. Note that for vanishing zero-modes the SO(2, 4) Casimir and the energy square (40) coincide. In quantum theory we will be interested in the spectrum of the corresponding operators corrected by vacuum fluctuations and possible supersymmetric corrections.
Integrability of single-mode strings
The Hamilton function of the single-mode string defined by (40) has the structure of a Hamiltonian of a non relativistic particle. The kinetic part, given by the terms quadratic in momenta, corresponds to a free-particle on the five dimensional unit half-sphere 5 . The term M 2 S in the potential corresponds to the SO(6) Casimir and can be treated as a constant mass-square parameter. The potential contains terms quadratic and quartic in ( X 0 , Q). Formally taking m = 0 in (40) one only has the quadratic terms, which corresponds to the Higgs-potential on a sphere discussed in [25] . This model corresponds to the AdS 6 particle with mass M S in the static gauge [26] and it is exactly solvable in terms of trigonometric functions. Below we show that the quartic terms do not destroy the integrability of the system, however the solution has a more complicated structure. To show the integrability, we introduce a canonical map to new coordinates, which allows to separate the non zero-mode variables and express the Casimir (45) only through them.
Taking into account the form of (45), we introduce a transformation of the phase space coordinates ( P 0 , X 0 , P, Q) ↔ ( p 0 , x 0 , p, q) in the following form
It is straightforward to check that (46) is a canonical transformation
related to the change of coordinates ( X 0 , Q) ↔ ( x 0 , q).
In the new variables, the SO(2,4) dynamical integrals (40)-(42) take the form of a free massive particle in
and the mass-square term depends only on the non-zero mode phase space variables (p, q)
This term coincides with the SO(2,4) Casimir calculated from (48)-(50) and, therefore, it is τ -independent, like the SO(6) Casimir M Note that the integrals of motion (49)- (50) are related by E J a b = J a 0 J b 0 − J b 0 J a 0 . This, relation together with (44), allows to express E and J ab through the boosts [27] . Thus, the pair ( x 0 , p 0 ) is parameterized by ( J 0 , J 0 ) and the Casimir number M 2 only. The dynamics of the (p, q) pair is governed by the Hamiltonian
where x 2 0 (τ ) has been calculated above and M 2 is given by (51). Eliminating the momentum variable p from the Hamilton equation forq by solving (51) for p, one finds
This equation is separable in (q, τ ) and can be integrated directly, therefore proving the asserted classical integrability of the single-mode system. The q-integration however results in an elliptic integral of third kind and the solutions can not be written in terms of elementary functions.
To find solutions at large λ and vanishing zero-modes, we rescale the phase space variables
and obtain, in the leading order, the oscillator Hamiltonian
which provides time oscillations of the q coordinate. Since this coordinate is non-negative and it describes the length of the vectors X re and X im in the plane of non zero-modes, one gets a circular string with an oscillating radius. This type of string solutions are called pulsating strings and are depicted in Fig. 1 . In AdS spaces they were obtained first for AdS 3 [28] and then they have been applied in the context of AdS/CFT in [29] , where however in both studies zero-modes have been disregarded, X 
as has been observed before in [13] . In particular, the zero modes scale differently in λ m 2 than the non zero-modes and are not free particles, not even in leading order.
Calculation of the energy spectrum
Here we quantize the non zero-mode sector, construct the Casimir operator M 2 , heuristically taking into account corrections due to fermions, and calculate its spectrum perturbatively up to next-to leading order. The energy spectrum of the pulsating string is then extracted similarly to the AdS 5 particle.
Quantization of non zero-mode sector
The energy spectrum of the AdS 5 scalar particle with Casimir number M 2 is of harmonic oscillator type (see e.g. [27, 26] ),
With help of the canonical transformation established in the last section the energy spectrum of the pulsating string then follows from the spectrum of the operator M 2 defined by (51) depending only on the string-modes and the M 2 S of the center-of-mass motion on the S 5 . Expanding (57) in powers of 1/M, one gets for the ground state E (0,M 2 ) ≈ M+2 , which is perfectly consistent with what follows from the leading order zero-mode Hamiltonian (56), with the constant 2 appearing because the AdS 5 zero-mode vectors are four-dimensional. Note then that the eigenvalues of the SO(6) Casimir number are J(J + 4) with non-negative integer J and in the bosonic case we replace M 2 S in (51) by this value. There is an immediate puzzle arising if we consider the single-mode string in its groundstate in the AdS 5 sector, i.e., a point particle rotating on the S
, we obtain E (0,J(J+4)) = J + 4. However, E (0,M 2 S ) should be equal to J by comparison to the plane-wave superstring in light-cone gauge with vanishing E − J for the groundstate [30] . This state is dual to the protected gauge theory operator Tr(Z J ). The resolution of this puzzle lies in our ignorance of fermions. For the point particle, the inclusion of the fermionic degrees of freedom changes the dependence of M 2 S on J to M 2 S = J(J −4) giving thus the expected result [31] . For string excitations one would expect in particular, that the eight physical fermionic zero-modes included in the reduced Hamiltonian (48) would produce in the leading order the additional constant −4, changing the constant 2 in the ground state energy to −2. Based on this and the comparison to the plane-wave light-cone groundstate, we thus conclude that the large M expansion of the energy spectrum is given by
where M may acquire additional 1/λ 1/4 corrections due to fermions. Of course, this is only a heuristic argument at this point and should be backed up through an analysis of the full superstring.
Let us now turn to the spectrum M 2 and quantize the string-mode sector. For this one has to choose either Dirichlet or Neumann boundary conditions for wave functions ψ(q) which are defined on the half-line q > 0 at q = 0. This ambiguity is related to the non-selfadjointness of the momentum operator p on the half-line q ≥ 0.
To avoid this ambiguity, we use the quantization scheme proposed in Section 2 for the static gauge approach. In our case, this assumes a canonical quantization of the modes ( P 0 , X 0 ), ( P ± , X ± ) and restriction of the Hilbert space by the quantum version of the constraints (34). For the analysis of these constraints it is convenient to introduce two 8-dimensional vectors constructed by the pairs ( X re , X im ) and ( P re , P im ), respectively. It has to be noted that, on the constraint surface (35), these two 8-vectors are parallel to each other, which can be easily seen from the representation (36). The Hamiltonian reduction in the non zero-mode sector is then equivalent to the gauging of the 16 dimensional phase space with coordinates ( P re , P im ; X re , X im ) by the group SO (8) . As a result, the non zero-mode part of the physical wave functions depends only on the SO(8) scalar q = X 2 re + X 2 im . One can generalize this scheme, introducing two N q -dimensional vectors ( p, q), which replace the pair (p, q) in (51) as follows
The gauging of the phase space ( p, q) by the SO(N q ) group leads to the half-plane (p, q) where q is the length of the vector q and p = ( p · q)/q. The Casimir (59) is gauge invariant and it obviously reduces to (51). Quantum theory on the half-plane (p, q) is then identified with the N q -dimensional case, restricted to the wave functions ψ(q). Note that solving the constraints (34) partially, one gets similar systems with N q < 8. For example, taking into account that non zero-modes are orthogonal to zero-modes, the pairs ( X re , X im ) and ( P re , P im ) can be treated as 4-vectors and one has to perform the SO(4) gauging.
Using the rescaling (54) for N q -dimensional vectors p and q, from (59) we obtain
The N q -dimensional oscillator Hamiltonian
has eigenfunctions with zero angular momentum at the even levels 2n only. We denote these states by |n . They are obtained by the action of the operators ( a † 2 ) n on the vacuum state. Hence, these wave functions are even in q and they correspond to the Neumann boundary condition at q = 0. In the appendix we present an algebraic construction of these states and calculate mean values of scalar operators. Since the oscillator Hamiltonian (61) describes M 2 in the leading order, we can use these calculations to find the spectrum of M 2 perturbatively. The construction of the operator M 2 by its classical expression (60) contains operator ordering ambiguities. It has to be noted that for a given Hermitian ordering the mean values of a scalar operator essentially depends on the dimension N q (see (89)-(90) in the appendix).
Hence, to fix the operator M 2 , we first rewrite (60) in terms of creation-annihilation variables, keeping its scalar structure. For this purpose we introduce complex scalar functions
which correspond to the operators a 2 and a † 2 , respectively (see (83)). The Casimir (60) in the new variables becomes
Choosing a normal ordering with : h : = h − N q /2 (see App. A), one has to make the replacement
With the help of
the mean values of the operator M 2 become
Let us now argue for a way to mimick the effect of supersymmetry whose implementation via the quantum symmetry algebra should hopefully fix (some) of the ordering ambiguities encountered in our bosonic string analysis. Recall that the bosons give rise to the value N q = 8 in the above equation (65) related to the 8 dimensional phase space of the four transverse AdS 5 dimensions of our static gauge. In the spirit of effective "negative dimensions" for fermions we argue that taking them into account will lead to an effective value of N q = 0 in the final expressions for the spectrum. This approach is certainly true for the super-harmonic oscillator present at the leading perturbative order and we will implement it at the orders as well. Taking N q = 0 in (65) we obtain
Equation (58) 
with N being the excitation of the AdS 5 particle degrees of freedom of (58). In fact we expect that the inclusion of fermions would change M 2 S to J 2 as it follows from the flat space spectrum and is supported by numerical studies of the TBA equations. For the lowest stringy excitation of N = 0, m = 1, n = 1 and J = 0 conjecturally dual to the Konishi operator this reduces to
It is now important to ask to what extent we can trust the level truncation scheme that we have pursued by restricting the quantum dynamics of the string to a single non-zero mode excitation. Clearly at some order in perturbation theory this minisuperspace approach fails to provide the correct energy of the studied string excitation as the suppressed non-zero modes would contribute in intermediate states in perturbation theory of the full model. The minisuperspace quantization for the lowest mode string with n = m = 1 will yield a better approximation to the energy spectrum than for higher excitations n, m > 1 as here the fluctuation of lower modes will contribute earlier.
In the following section we will quantify this statement in some detail. Indeed the intuitive expectation is confirmed, namely that the result (67) at order O(λ −1/4 ) can only be trusted for the m = n = 1 case -modulo the discussed ordering ambiguity.
Decoupling of other modes
To investigate to which order and for which states our result (67) can be trusted we have to return again to the full string action, i.e., consider again all modes, not only the zero-modes and mth AdS 5 mode, and then see at which order the modes disregarded in (32) could contribute to the energy. Generally, for this one should investigate the full type IIB superstring. However, since a suitable prescription of static gauge for the Green-Schwarz superstring is lacking, we follow the line of thought so far and constrain our investigation to the bosonic subsector, where again we will argue about the effects of supersymmetry heuristically. Hence, we return to (21) .
For the spatial AdS 5 phase space variables as well as the S 5 non zero-modes we then employ the rescaling suggested in [13] , see also the comment beneath Fig. 1 , but we do not rescale the S 5 zero-modes. Hence, the rescaling of the spatial AdS 5 and S 5 phase space variables reads
with x(τ, σ), p x (τ, σ), y(τ, σ) and p y (τ, σ) comprising the respective AdS 5 and S 5 non zero-modes. It is important to note, that by this the expansion in powers of phase space variables is not the same as expansion in 't Hooft coupling λ. The Hamiltonian density (c.f. (12)) then expands as
where we dropped terms linear in non zero-modes, e.g., the term λ −1/8 p x · p x,0 , as they obviously do not appear in the Hamiltonian H =
H. Nevertheless, (71) looks alarming since at O(λ −1/4 ) in H there will be several operators potentially contributing via second order perturbation theory to O(λ −1/4 ) in the energy E. Also, with the single-mode ansatz being a particle on S 5 , the appearance of y 0 at leading order but no p y,0 seems unsatisfactory.
These problems are overcome by a restricted canonical transformation to a new set of phase space variables, ( p x , x , p x ,0 , x 0 , p y , y, p y,0 , y 0 ), generated by a type II generating functional
, yielding x 0 = x 0 , y 0 = y 0 and
Notice that the new phase space variables differ from the old ones only by terms vanishing in our single-mode approximation (34), in particular where again we ignored terms linear in non zero-modes. Now, in contrast to (71), the leading term in (75) is quadratic in non zero-mode phase space variables only and gives nothing but the leading flat space limit without the zero-modes, which feel the curvature of the background even at leading order. The first two terms of the second line are exactly the diagonal terms considered before determining the AdS 5 zero-modes to be harmonic oscillators in leading order, where for our solution p 2 y + y 2 = 0. In particular, we cast off the off-diagonal terms in the second line of (71).
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The remaining S 5 term, the last term in the second line, has an odd power in non zero-mode phase space variables and will generally contribute to O(λ −1/4 ) in the energy via second order perturbation theory. However, the terms will only give a contribution to the y 0 mass term, which for the S 5 non zero-modes in the ground state is expected to vanish due to supersymmetry. Hence, from this term and further S 5 terms at O(λ −1/2 ) in the Hamiltonian effectively only the massless particle on S 5 should survive. 
δH −1/2 ≡ dσ 4π
where by the previous argument we did not spell out the plethora of S 5 terms in δH −1/2 . Let us furthermore denote the eigenvalues of H (H 0 ) of eigenstates |ψ (|ψ (0) ) as
ψ ). The terms in the first line of (80) then directly correspond to the terms present in (40) when plugging in the single mode ansatz (32), where x · x = 0 followed from the Virasoro constraints. On the other hand, the AdS 5 operators in the second line are expected to give no contribution to the energy at O(λ −1/4 ), since they are off-diagonal plus potentially a normal ordering constant, which ought to be canceled by supersymmetry.
What is left is to discuss potential contribution from δH −3/8 (79). Since the operators have an odd power in non zero-modes they will not contribute via first order perturbation theory. In second order perturbation theory (79) contributes as . Hence, we conclude that our previous results should be trusted for the Konishi state, n = m = 1, only. A similar observation has been made in appendix A.1 of [13] .
